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Abstract 
Perhaps the most interesting current problems in pseudosimilarity involve questions about 
graphs with large sets of pseudosimilar vertices or edges. We here look at some of the methods 
which have been employed to construct such graphs. 
1. Introduction 
Two vertices in a graph G are said to be similar i f  there is an automorphism ~ of 
G such that ct(u) = v; u, v are removal-similar i f  G - u _~ G - v, and pseudosimilar 
i f  they are removal-similar but not similar. Fig. 1 shows the smallest graph having a 
pair of  pseudosimilar vertices. 
2. Large sets of pseudosimilar vertices 
There are essentially two ways to ask for a graph to have a large set of  pseudosimilar 
vertices: 
I. Every vertex in the graph G has a pseudosimilar mate, i.e., for every vertex u of  
G there is a vertex v such that u, v are pseudosimilar in G. 
II. The graph G contains a set of vertices S C V(G) such that the vertices of  S are 
mutually pseudosimilar, i.e., any two vertices from S are removal-similar but no two 
are similar. 
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Fig. 1. The smallest graph with a pair of pseudosimilar vertices. 
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The first problem has been solved in 1981 by Kimble, Schwenk and Stockmeyer. In
the next section we shall look at the analogous question for edges which is still open. 
The second problem is perhaps the source of the most interesting open questions in 
pseudosimilar. This is discussed in Section 4. 
3. Can every edge have a pseudosimilar mate? 
Kimble et al. [3] have constructed graphs in which every vertex has a pseudosimilar 
mate. Kimble [2] tried to obtain the same result for edges, constructing a sequence of 
graphs in which the proportion of edges having a pseudosimilar mate tends to 1. We 
now describe a much simpler construction which achieves the same aim. 
Consider the graph Gn, n odd, whose construction is described in Fig. 2. This graph 
can be considered as Kn. n -e ,  the complete bipartite graph less an edge, to which are 
added two directed n-cycles, one passing through each of two sets of vertices in the 
bipartition. The arcs of the two cycles are replaced by nonisomorphic 'gadgets'; an 
example of such a gadget is shown in Fig. 2. 
It is clear that each of the n 2 - 1 edges which make up the graph Kn, n -- e has a 
pseudosimilar mate in G,. Since G, has n 2 + O(n) edges, the proportion of edges of 
G, which have a pseudosimilar mate tends to 1 as n tends to c~. 
The question which still remains, however, is whether there exist graphs in which 
every edge has a pseudosimilar mate. 
4. Large sets of mutually pseudosimilar vertices 
It is clear that a graph cannot have all of its vertices mutually pseudosimilar, since 
such a graph would have to be regular, and a regular graph cannot have any pseudo- 
similar vertices. The natural question which arises is therefore the following: In a graph 
G of order n, what is the largest possible size IS[ of a set of mutually pseudosimilar 
vertices? 
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Fig. 2. Constructing raphs with a large proportion of pseudosimilar edges. 
J. Lauri/Discrete Mathematics 155 (1996) 157-160 159 
This seems to be a very difficult question to settle. In an attempt to get a manageable 
handle on the problem, we can consider a restricted version. We consider mutually 
pseudosimilar endvertices, and we try to construct a sequence of graphs in which the 
proportion of such vertices tends to as large a value as possible as the size of the 
graphs tends to cx~. 
The basic construction, first employed by Krishnamoorthy and Parthasarathy [4], 
runs as follows. Consider a graph G ~ having r endvertices, all of which are mutually 
pseudosimilar. Let G be G r less its endvertices. Let R denote the neighbours of the 
endvertices which have been removed. The graphs G ~ and G are represented schemat- 
ically in Fig. 3. The solid vertices in the schematic representation f G represent all 
those vertices which are in the same orbit, under the action of Aut G, as the vertices 
in R. Let this orbit be denoted by X and let its size be x. Let H be G' less one of its 
endvertices; this is also schematically shown in Fig. 3. 
The sequence of graphs Gn is constructed as follows. Let G1 = G r. We construct G2 
by attaching to G copies of G1 and/-/1 as follows. A copy of G1 is attached to each 
of the vertices of R and a copy of HI is attached to each of the vertices in X - R. 
(By attaching a copy of G1 or//1 to a vertex of G we mean joining the vertex to all 
the vertices of G1 or H1 which are not endvertices.) The resulting graph G2 is shown 
in Fig. 4. This graph has r 2 mutually pseudosimilar endvertices. In general, having 
constructed Gn, Gn+l is obtained by attaching to each vertex of R in G a copy of G, 
and to each vertex ofX-R  a copy of H,, where Hn is Gn less one of its pseudosimilar 
endvertices. 
If the base graph G ~ has r endvertices and the orbit containing these vertices has 
size x, then each Gt has k -- r t mutually pseudosimilar endvertices and order O(x t) = 
O( k( logx )/(log r) ). 
The problem now is to construct the base graph G t. A result of Bouwer [1] says that 
if F is permutation group acting on a set X, then there exists a graph G, X C V(G), 
X invariant under the action of AutG, such that the restriction of the action of AutG 
to X gives a permutation group equivalent to F. Therefore if F acts on X such that 
there is R CX with the properties that (i) the setwise stabiliser of R is the identity, 
and (ii) any two (]R] - 1)-subsets of R are similar under the action of F, then we 
can use Bouwer's result to construct a graph G with minimum degree at least 2 with 
X C V(G) and AutGix equivalent to F - -  hence attaching an endvertex to each vertex 
R in G gives the required G'. 
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Fig. 3. Schematic representation of G~,G and H. 
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Fig. 4. A schematic representation f G2. 
This construction was carried out in [5] with IXI = 8 and ]R I = 4, thereby giving 
a sequence of graphs Gt having kt = 4 t mutually pseudosimilar endvertices and order 
O(k3/2). One question which arises is whether it is possible to construct a sequence of 
graphs Gk, having kt mutually pseudosimilar endvertices and order O(kt). In [5] it is 
also shown how a group F with the above properties can be constructed for arbitrary 
]R] and IX[ = O(IR[21RI). Therefore, the natural question here is whether F, X and R 
with the above properties can be found with IX I substantially smaller. It is not difficult 
to show that Ixl must necessarily be at least 2JR]- 1. Therefore any sequence of 
graphs Gt containing k -- r t mutually pseudosimilar endvertices obtained by means of 
the construction described above must have order at least O(k[l°g(2r-l)]/l°gr). 
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